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Hybrid Treﬀtz ﬁnite element method (HTFEM) with a nonlinear eigenvalue problem
solver, Sakurai-Sugiura projection method (SSM), for electromagnetic wave propagation
problems is inspected for ﬁnding a procedure for discarding nonphysical solutions and
dependence of computed eigenvalues on parameters of SSM. Numerical results of TE-
and TM-wave propagation constants on a three-layer-dielectric slab waveguide and a slab
waveguide with periodic thin conductor show that estimating value of condition numbers
of HTFEM matrices at computed solutions or changing an integral path in SSMmay point
out nonphysical solutions. Moreover, the three-layer-dielectric slab waveguide’s results
show that propagation constants computed by SSM with proper parameters converge.
Key Words : Hybrid Treﬀtz ﬁnite element method, Sakurai-Sugiura projection method,
Electromagnetic waveguide, Propagation property, Nonlinear eigenvalue problem
1. ʃɬʕɿ
ยځ์৔൚ʃມηؠѽॾ൚ɻɖʟʂɻƇౝ෌ځມηʂΆ
ɘɿɾʧʝɟʂۆ೔ɠ಩์ɻɖʟƈౝ෌ځມηʦࠟʞ࢑ɡѽ
ॾઅɻ୊ߞఉɠ෌౞ࠄɼɾʟʜɚɿƇӷুय़܄৥ɻѽॾມ
ηʦΞʧɴʞƇր࠴ְҏِࣥʦມηઅɿ଱ๆɭʟɾɽʂ൘൚
ɠɖʟƈʒɳౝ෌ځມηʦࠟʞΆɚ஦ࠣɾ์৔ʦ݉ๆɭʟ
൘൚ɠɖʟƈඕ໱ഓɻΆɚ˖ʫ˝˱ˊːˏ˳˜ˋยځ์৔൚
ƭHybrid Treﬀtz Finite Element Method:HTFEMƮ(1, 2, 3, 4)
ʃƇɧʂ஦ࠣɾ์৔ʦ݉ๆɭʟλຶɻɖʟƈHTFEMʃ์৔
ְҏࣘɻʂ໓ਞِࣥʦ˰ʷ˰˺ʿˬʂර଑ؙॅ൚ɻ౥ԟॅɿ
৕ʓܛʔʂɻƇിԝԟॅʂΪɾʟ์৔ʂഖๆɠя௾ɻɖʞƇ
ມηɨɼɿ݂଱ɾിԝԟॅʦষʊɧɼɠɻɡʟƈຶɜʄƇ೑
ה߸ມηɿ਻ɫɺʃਪ۽ߧʦๆɘʟ૳࣢์৔ɻഇӍʦ۱ɘƇ
λโה߸ມηɿ਻ɫɺʃذʂ޲జ൘ଟߧʦභਘɭʟ׸ԝۿ૛
ఉଽҔʦๆɘɳˏ˳˜ˋ์৔ 1 ɸɻഇӍɻɡʟ (4)ƈɧʂࠡ
൚ʂ๭୅ɼɫɺƇր࠴ְҏِࣥʦ঎଑ɭʟࣟ܄ʘӷুय़܄৥
2011 ௰ 8 ُ 26 ௟ࠬ೒Ƈ2011 ௰ 11 ُ 11 ௟ࠬ๲
ʦๆɘʟࣟ܄ʂʜɚɿঋਞְҏʦట߸ɟʝ๸ɭ಩์ɠɾɘɳ
ʕƇഇӍॅʦٹʝɭɧɼɠɻɡʟƈɫɟɫƇ୆ౡ଑ॅʦֆʕ
ʟࣟ܄Ƈಒভآچยખ෻੕ɿՇમɭʟو୅ɠɖʟ (4)ƈ
ɧʂಒভآچยખ෻੕ʂѽ൚ɼɫɺƇુࠋʝʃ Sakurai-
Sugiuraࠄϳ൚ƭSS൚Ʈ(4, 5, 6, 7)ʂ଱ๆʦ٠இɫɺɘʟƈSS
൚ʃƇچยખʦޱ଑ɫɳ೾৔ມη௅ɿਣݚɭʟুچยખɼɱ
ʂچยˠʶˏ˲ʦֆʕʟɧɼɠɻɡʟƈՂɿƇ࠵Ճଯɿӷু
஖ਹʦਂѤɫɳ໤Ϲห୊ਹˀ˰˝஖ఉ໚ʦຶɿ SS൚ɠ଱ๆ
я௾ɾɧɼʦൎ܍ɫɺɘʟ (4)ƈɫɟɫƇSS൚ʂ˘˰˨Ɵˆ
ɿʜɷɺʃƇ೑์ѽɠܩ௡ɫƇɱʂѽɠഅ๲ଯɿΤයʂɖʟ
ʖʂɟɽɚɟʦҏഇ೘ʂʓɟʝ౜଑ɭʟʂɠ฻Φɻʃɾɘࣟ
܄ɠɖɷɳƈ
ɱɧɻƇඕ໱ഓɻʃٶවѽʂਣݚɭʟމ৥ห୊ਹˀ˰˝஖
ఉ໚ʦ਻࣐ɼɫɺƇֆʒʟѽʂ౜ധࠡࡼʦ٠இɭʟɼɼʖɿ
ঽൎ܍ (4)ɻʃҷ௨ɫɺɘɾɘچยખʂ࠴ਖड़ʦ૛ʍɺɘʟƈ
ɩʝɿƇ࠵Ճଯɿӷু஖ਹʦਂѤɫɳ໤Ϲห୊ਹˀ˰˝஖ఉ
໚ʂ೑์ѽʂ౜ധʦ۱ɘƇSS൚ʦ଱ๆɫɳ HTFEMɿԷɹ
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Fig. 1 Metallic grating on a dielectric slab waveguide
ɣ୊ߞఉ୆ౡ෻੕ʂѽॾ൚ʂਰ୻ड़ʦߟɫɺɘʟƈ
2. ෻੕঎଑
Fig.1 ɿߟɭʜɚɾʲ˗Ɵ৥ƭಅห୊๻ ε1Ƈಅ஌ߞ๻ μ1Ƈ
h < yƮƇӷু஖ਹ୊׎ɿʜʟ࠵Ճঌஓೱƭಅห୊๻ ε(x, y)Ƈಅ
஌ߞ๻ μ(x, y)Ƈ0 ≤ y ≤ hƮƇ஖ఉ৥ƭಅห୊๻ ε2Ƈಅ஌ߞ๻
μ2Ƈ−d ≤ y < 0ƮƇԷౣƭಅห୊๻ ε3Ƈಅ஌ߞ๻ μ3Ƈy < −dƮ
ɟʝɾʟ࠵Ճۚਏ໤Ϲห୊ਹˀ˰˝஖ఉ໚ƭۚਏ࠵Ճ pƇ୊
׎೺wƇ୊׎ڻʓ hƇ஖ఉ৥ڻʓ dƮʂ୆ౡ෻੕ʦ۪ɜʟƈ୊
ߞҏʦ೾৔಺ߟɫɺߗԝΜਣड़ʦ exp(jωt)ɼɫƇz߫൘ڽʂ
ҏʂബшʦλโ ( ∂
∂z
≡ 0)ɼɭʟ. ۚਏɠ x߫൘ڽɿ࠵Ճଯɾ
ʂɻƇ˜˴ʸʂ଑๲ɿʜʞ୊ߞҏʂढ़ഇ φ(x, y, z)ʃƇ೾৔୆
ౡ଑ॅʦ γ = β− jαɼɭʟɼƇ࠵Ճԟॅ φ˜(x+p, y) = φ˜(x, y)
ʦๆɘɺ φ(x, y, z, t) = ej(ωt−γx)φ˜(x, y)ɼ಺ɩʠʟƈɧɧɿƇ
β ʃΛ৷଑ॅƇα ʃٹऻ଑ॅɻɖʟƈʒɳƇjʃ֚ॅ੺Λɻ
ɖʞƇω ʃҺ࠵ఉॅɻɖʟƈۚਏʂ࠵Ճड़ɟʝƇ஖ఉ໚ 1࠵
Ճഇƭx0 ≤ x ≤ x0 + pƮʦѽॾɭʟƈ෌ځР൘ʂְҏ Γ1Ƈ
Γ4 ɿʃൗࠄِࣥƇְҏ Γ5(x = x0)ƇΓ6(x = x0 + p) ɿʃ
࠵ՃِࣥʦѨɭƈɾɞƇְҏ Γ2 ʃλโɾʲ˗Ɵ৥ɼ࠵Ճঌ
ஓೱʦԥʔມηɼʂְҏ (ভഇ y = h, x0 ≤ x ≤ x0 + p) ɻ
ɖʞƇΓ3 ʃ஖ఉ৥ɼ࠵Ճঌஓೱʦԥʔມηɼʂְҏƭভഇ
y = 0, x0 ≤ x ≤ x0 + pƮɻɖʟ.
3. HTFEMɿʜʟ଑ߧш
ɧʂ෻੕ɿ਻ɭʟ଑ߧшʃƇՂɿൎ܍ɫɳ (4) ʂɻƇඕ໱
ഓɻʃԑ੺ɿՒࡧɭʟƈѽॾມηʦ Fig.1ɿߟɭʜɚɿౝ෌
ځມηΩ1ƇΩ3Ƈ࠵ՃঌஓೱʦԥʔມηΩ2 ɿഇӍɭʟƈມη
Ω1ƇΩ3 ʃൗࠄِࣥɼ࠵Ճِࣥʦභਘɭʟച෣ఉѽɼɾʟʜ
ɚɿ׸ԝۿ૛ఉଽҔʦിԝԟॅɼɭʟˏ˳˜ˋ์৔ү1ڃɻ
ഇӍɭʟ. ೑ה߸ມη Ω2 ʦ Fig.2 ɿߟɭ 4 ঐ୅ 4 ര׮آ์
৔ (8) ɻഇӍɫƇү์৔௅ɻʂ୊ҏʂ xƇyƇz ढ़ഇʦ
Ei = {Ui}{Eˆi}, i = x, y, z (1)
ɼਪ۽ߧפߐɭʟƈɧɧɿƇ{Ui} ʃ์৔ʂിԝԟॅˠʶˏ
˲ɻɖʞƇ{Eˆx}Ƈ{Eˆy}ʃ์৔௅ɿɞɥʟүരࣘʂ୊ҏˠʶ
ˏ˲ʂ xƇyढ़ഇƇ{Eˆz}ʃ์৔௅ɿɞɥʟүঐ୅ɻʂ୊ҏˠ
ʶˏ˲ʂ z ढ़ഇɻɖʟƈ
ɧɧɻມη Ω2 ɼˏ˳˜ˋ์৔ʦঋਞɭʟɳʕɿƇඕࠡ൚
ɻๆɘʟˏ˳˜ˋ์৔ʂְҏࣘʂ୊ҏɼມηΩ2 ʂְҏࣘʂ
୊ҏɠλઠɭʟʜɚɿ๸ޏшɭʟɼƇ݂࠿ଯɿѽɣʍɡಒভ
Fig. 2 Rectangular element with 4-edges and 4-nodes
آچยખ෻੕ʂ۱ໆ൘ଟߧʃƇ
[T (γ)]{Eˆ} = {0} (2)
ɼணʝʠʟƈɧɧɻƇ{Eˆ}ʃ๸ޏшɫɳມη Ω2 ʂ୊ҏරગ
ໆˠʶˏ˲ƇN ۱N ໆʂ [T (γ)] ∈ CN×N ʃ γ ɿɸɘɺ।਒
ɾ۱ໆԟॅɻɖʞƇ
[T (γ)] = [A0] + [A+]e
−jγp + [A−]e
jγp + [gkl(γ)] (3)
ɻɖʟƈ۱ໆ [A0]Ƈ[A+]Ƈ[A−]ʃƇ଑ॅʦ์৔ɼɭʟ।൘۱
ໆɻɖʞƇ4ঐ୅ 4ര׮آ์৔ɿʜʟ౥ԟॅ಻ьɿՔχɭʟƈ
[gkl(γ)]ʃƇk ۱ l ໆ์৔ɠ γ ɿԟɭʟ੐ॅԟॅƇย๲ԟॅƇ
ޱॅԟॅʦԥʔ।൘۱ໆɻɖʞƇˏ˳˜ˋ์৔ɿՔχɭʟƈ
4. ࠵Ѿঀഇʦๆɘɳಒভآچยખ෻੕ʂѽ൚ (SS൚)
ඕࣂɻʃƇॅખظޔɿ಩์ɾ˘˰˨Ɵˆʦ঑෗ɭʟɳʕ
ɿƇAsakura ʝʂഓ٤ (6) ɿࡓɘѽ൚ʂҞ๿ʦࡧʍʟ. ɾɞ
SS൚ɿʃƇפঋɫɳچยખظޔɠя௾ɾʜɚɿ҉ຜɫɳ˝
˴ˊʶ౦ɠଚΕɩʠɺɘʟɠƇඕ໱ഓɻʃ˞˴ʷ˰˧ݩढ़ɠ
฻Φɾಒ˝˴ˊʶ౦ʦๆɘʟƈ
ಒভآچยખ෻੕ʂߧ (2)ʦѽɣɧɼʦ۪ɜʟƈ
Γˇʦ।ʂڽɡʦʖɸ೾৔ച෣ࣘʂ Jordan׍ভɼɫƇλl(l =
1, 2, · · · ,m)ʦ Γˇ௅ɿɖʟߧ (2)ʂ৷Ϊɾʟچยખɼɭʟƈເ
ˠʶˏ˲ɻɾɘ N ۱ 1ໆʂໆˠʶˏ˲ {V } ∈ CN ɿ਻ɫɺ
ԟॅ f(γ)Ƈ೾৔˩Ɵ˨˺ˏ μk ʦ
f(γ) = {V }H[T (γ)]−1{V } (4)
μk =
1
2πj
∫
Γˇ
γkf(γ)dγ, k = 0, 1, · · · , 2m− 1 (5)
ɼ଑զɭʟƈɧɧɻƇࣘିߓ Hʃ֩ฉୃટ۱ໆʦ಺ɭƈ
ॅખظޔʂԑ੺шʂɳʕɿঀഇ໚ ΓˇʦƇયअ oƇౝأ ρʂ
ЌɼɫƇੑآڷߧɻߧ (5)ʦॅખঀഇɭʟɼƇ
μˆk=
1
Ns
N−1∑
h=0
(
ch−o
ρ
)k+1
f(ch), k=0, 1, · · · , 2m−1 (6)
ɼɾʟƈɧɧɿವඕ୅ ch ʃƇЌ࠵ࣘʂ Ns ڃʂ୾ԝҿ୅
ch = o+ ρe
2πj
Ns
(h+1/2)
, h = 0, 1, · · · , Ns − 1 (7)
ɼɫƇԟॅખʦ
f(ch) = {V }
H[T (ch)]
−1{V }, h = 0, 1, · · · , Ns − 1 (8)
ɼɫɺɘʟƈɳɴɫƇঀഇ໚ Γˇʦ੺ΛЌɿΫɫɺɖʟƈɧʂ
੺ΛЌࣘɻפߐ಻ьɫɳ Hankel۱ໆʦ
[Hˆm] = [μˆi+j−2]
m
i,j=1 (9)
[Hˆ<m] = [μˆi+j−1]
m
i,j=1 (10)
ɼɭʟɼƇֆʕʟ [T (γ)]ʂפߐچยખ λˆl ʃƇλ౫шچยખ
෻੕
{[Hˆ<m]− ζ[Hˆm]}{wˆ} = {0} (11)
ʂچยખ ζˆl(l = 1, 2, · · · ,m)ɟʝ
λˆl = o+ ρζˆl, l = 1, 2, · · · ,mƄ (12)
ɼֆʒʞƇچยˠʶˏ˲ {xˆl}ʃ
{xˆl} = [{sˆ0}, {sˆ1}, · · · , {sˆm−1}]{wˆl}, l = 1, 2, · · · ,m (13)
ɼֆʒʟƈɧɧɿƇ{wˆl}ʃλ౫шچยખ෻੕ {[Hˆ<m]−ζ[Hˆm]}{wˆ}
= {0}ʂ ζˆl ɿ਻Ыɭʟچยˠʶˏ˲ɻƇ
{sˆk} =
1
Ns
N−1∑
h=0
(
ch − o
ρ
)k+1
[T (ch)]
−1{V } (14)
ɻɖʟƈ
Hankel۱ໆʂߘॅʃƇঀഇ໚௅ʂچยખʂڃॅ mɻɖʟƈ
ɫɟɫɾɠʝƇM ≥ mɻɖʟM ʦव଑ɫƇσ1 ≥ · · · ≥ σM
ʦ Hankel۱ໆ [HˆM ]ʂ஦ΪખƇδ ʦࢡɩɾખɼɫɺ K ڃʂ
஦Ϊખɠ σi ≥ δ (i = 1, 2, · · · ,K)ƇޝʞʂM−K ڃɠ σi < δ
(i = K + 1, · · · ,M) ɼɾʟ K ʦ଑ʕƇඕঐʂࠡਞɡયʂm
ʦ K ɿટɡԀɜʟɼƇࡒഇɾ३୞ʂچยખɠணʝʠʟ (5)ƈ
ΙࣘɟʝƇಒ˝˴ˊʶ౦ SS൚ʂ߹۱ɿ಩์ɾ঎଑ખʃƇΙ
чɼɾʟƈγ ʂ೾৔ച෣ࣘʂঀഇأ໚ʂયअ oɼౝأ ρƇঀ
ഇʂವඕ୅ॅ NsƇ݂࠿ଯɿѽɣ Hankel۱ໆʂߘॅ K ʦ଑
ʕʟɳʕʂय़ॅM ɼખ δ ɻɖʟƈɾɞໆˠʶˏ˲ {V }ʂढ़
ഇʃƇ˰˺ˇ˧ԟॅɻ౎१ɩɯɺຜɘƈ
5. ೑์ѽʂ౜଑ࠡਞɡʂ٠இ
5.1. މ৥ห୊ਹˀ˰˝஖ఉ໚ʂѽॾ
Fig.1 ʂӷু஖ਹ୊׎ɿʜʟ࠵Ճঌஓೱʦ࢑֓ɫɳ Fig.3
ʂމ৥ห୊ਹˀ˰˝஖ఉ໚ƭk0p = 2.1Ƈd = 0.5pƇε1 = ε3 =
1.0Ƈε2 = 11.8Ƈμ1 = μ2 = μ3 = 1.0Ʈʂ୆ౡ෻੕ʦຶɿѽ
ʂ౜଑ʦ۪ɜʟƈɧɧɿƇk0 ʃऐ׸યʂఉॅɻɖʟƈɧʂ
஖ఉ໚ʂ TM0 ˩ƟːƇTE0 ˩ƟːƇTE1 ˩Ɵːʂ୆ౡ଑ॅ
γ ʃɱʠɲʠƇγp = 4.33015Ƈ6.07580Ƈ2.30491 ɼѽॾଯɿ
ֆʒʟƈມη Ω1ƇΩ3 ʦˏ˳˜ˋ์৔ү 1ڃɻഇӍɫƇˏ˳
˜ˋ์৔ʂঋਞְҏʦ 32୾ഇӍƇ׸ԝۿ૛ఉଽҔʂਲɵউ
ʞߘॅ Mc ʦ 32 ɼɫƇ−32 ߘɟʝ 32 ߘʒɻʂ׸ԝۿ૛ఉ
ʦๆɘɺɘʟƈSS൚ʂ˘˰˨ƟˆʦM = 8Ƈδ = 10−11 ɼ
ɫƇߧ (12)ʂچยખ λˆlpɼɱʂࣟ܄ʂ۱ໆ [T (λˆlp)]ʂِࣥॅ
C([T (λˆlp)])ʦظޔɫɳٌїʦ Table 1ɿߟɭƈِࣥॅʃƇ2
˕˲˧ʦๆɘɺƇ۱ໆ [T (λˆlp)]ʂ݂ࢡ஦Ϊખ σminɼ݂੒஦Ϊ
ખ σmax ʂಅ σmin/σmax ɻޔࡥɫɳƈ஦Ϊખഇѽɿʃ Intel R©
Math Kernel Libraryʂ zgesvdʦๆɘɳƈɧɧɿƇ(a)Ƈ(b)
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Fig. 3 A three-layer-dielectric slab waveguide
ʃঀഇ໚ʂЌ௅ɿ TM0 ɖʟɘʃ TE0 ˩Ɵːʂ γpʦԥʔү
3ЌʂٌїɻɖʟƈʒɳƇֆʒɷɳچยખ λˆlpʂ೾৔ച෣ γp
ࣘʂΛટʦ Fig.4 ɿߟɭƈ
Table 1(a) ʂ 3 ЌɻʃƇK = 8 ɼɾʞƇTM0 ˩Ɵːʂѽ
(l = 1)ʂ਩ɿ 7ڃʂѽɠɖʟɼ౜଑ɫɳƈɫɟɫɾɠʝѽॾ
ѽɟʝƇɧʂЌ௅ɿʃTM0˩Ɵːʂʓɠਣݚɭʟƈ࠵Ճۚਏ
஖ఉ໚ɼɫɺѽॾɫɺֆʒɷɳѽʂ௅ l = 1, 2ʂѽʃѽॾଯ
ɿֆʕɳખɼࢡॅ୅Ιч 4نଟ୞λઠɫɺɞʞƇɧɧɻʃߟ
ɩɾɘɠҏഇ೘ɟʝʖ +x߫൘ڽɿ୆ౡɭʟ TM0 ˩Ɵːʂ
ѽƇ−x߫൘ڽɿ୆ౡɭʟ TE1˩Ɵːʂѽɻɖʟƈɾɞ l = 2
ʂѽ λˆlpʃƇ(λˆ2p)− 2π = −2.30491ɻɖʞƇ࠵Ճۚਏɼɫ
ɺѽॾɫɳɳʕɿֆʒɷɳʖʂɻɖʟƈʒɳ l ≥ 3ʂѽɻʃƇ
[T (λˆlp)]ʂِࣥॅɠ l = 1, 2ɼಅʍ 102 ɼࢡɩɘɧɼɟʝʖ
ߧ (2)ʂѽɻʃɾɘɼ۪ɜʝʠʟƈɧɧɻƇ۱ໆ [T (λˆ2p)]ʂ
ِࣥॅɠЌ 1ɻʃ 104ƇЌ 2(Ns = 64)ɻʃ 107 ଟ୞ɼΪɾʟ
ɠƇЌ 1ɻʃ୆ౡ଑ॅɠ೾৔ॅɼɾɷɺɞʞƇTE1 ˩Ɵːʂ
୆ౡɭʟѽʂפߐ୞ɠଊɘɳʕِࣥॅɠࢡɩɣɾɷɺɘʟƈ
ɧʂʜɚɿƇ੒ࢡ౜଑ʂ᪭ખɠ೑෗ɻɖʟʖʂʂِࣥॅɠ੒
ɡɣɾɘʖʂʃƇSS൚ɿศ๝ɭʟʖʂɼ۪ɜʝʠʟƈʒɳƇ
Ns = 32ɼɫɳ 3Ќʂ λˆlp(l ≥ 3)ʂખʃƇFig.4(a) ɟʝʣɟ
ʟʜɚɿƇЌ 1 ɼЌ 2ƇЌ 2ɼЌ 3ƇЌ 3 ɼЌ 1 ʂɘɮʠɻ
ʖΪɾɷɺɞʞƇঀഇ໚ɿΜਣɭʟɧɼɟʝ SS൚ɿศ๝ɭ
ʟɧɼɠʣɟʟƈɩʝɿƇЌ 2ʂ Ns = 32Ƈ64 ʂٌїɟʝƇ
ॅખঀഇʂವඕ୅ॅNs ɠΪɾʟɼ SS൚ɿศ๝ɫɺܩ௡ɭ
ʟѽʃΪɾʟɧɼɠʣɟʟƈ
Table 1(b) ʂЌɻʃƇ3 ڃɟʝ 5 ڃʂѽɠணʝʠɺɘʟƈ
l = 2ʂѽ λˆ2pʃƇ(λˆ2p)− 4π = −6.07578 ɾʂɻ −x߫൘
ڽɿ୆ౡɭʟ TE0 ˩ƟːɻɖʞƇҏഇ೘ɟʝʖҷ௨ɻɡʟƈ
ʒɳɧʂѽ λˆ2pʃƇɱʂࣟ܄ʂ۱ໆ [T (λˆ2p)]ʂِࣥॅɠЌ 4
ɻʃ 106ƇЌ 5(Ns = 64) ɻʃ 107 ଟ୞ɼɾɷɺɞʞƇl ≥ 3
ʂѽɿಅʍِࣥॅɠ੒ɡɘƈɾɞɧʂѽʃƇFig.4(b)ɟʝʣ
ɟʟʜɚɿƇSS൚ɿޱ଑ɫɳֆѽ౮ΞҙɻɖʟʂɻƇِࣥ
ॅ୾ʂ౜଑ʦ۱ʣɮɿѽɟʝ࢑֓ɫɺຜɘƈʒɳЌ 1ƇЌ 2
ɻֆʒʟ TE1 ˩Ɵːʂѽ (l = 2)ʖֆѽ౮Ξҙɾʂɻֆʕʟ
ѽɟʝ࢑֓ɫɺຜɘƈ
ΙࣘɟʝƇֆѽЌ౶ມη Co ɼஔɬયअɻౝأɠ੒ɡɾЌ
౶ມη CL ɻ SS൚ɿʜʞѽʦظޔɫƇِࣥॅɠ੒ɡɣມη
Μਣड़ɠࢡɩɾѽʦഅ๲ଯѽƇِࣥॅɠࢡɩɣֆѽມηɠΪ
ɾʟɼλઠɭʟʖʂɠɾɘѽʦ SS൚ʂ଱ๆɿʜʞܩ௡ɭʟ
ѽɼඕ໱ഓɻʃ౜଑ɭʟɧɼɿɭʟƈɾɞِࣥॅʃ಩ɮɫʖ
૛ʍʟ಩์ʃɾɩɱɚɻɖʟɠƇֆѽມηʌʂѽΜਣड़ɠࢡ
ɩɘɼɘɚ౜଑Էࡵɠ೑෗ɻɖʟɳʕƇ๭ๆɭʟƈ
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(b) TE0 mode
Fig. 4 Distribution of computed eigenvalues of a three-layer
dielectric slab waveguide in case of M = 8 and δ =
10−11
5.2. ࠵Ճۚਏ໤Ϲމ৥ห୊ਹˀ˰˝஖ఉ໚ʂѽॾ
ঽঐ 5.1ʂމ৥ห୊ਹˀ˰˝஖ఉ໚ɿӷু஖ਹƭw/p = 0.5Ƈ
h/p = 0.5Ʈʦ࠵ՃଯɿਂѤɫɳ Fig.1 ɿߟɭ෻੕ʦ۪ɜʟƈ
ມη Ω2 ɿʃƇFig.2 ɿߟɭ׮آ์৔ʦๆɘƇxƇy ߫൘ڽɿ
32 ୾ഇӍɭʟƈມη Ω1ƇΩ3 ʂˏ˳˜ˋ์৔ɾʝʇɿ SS
൚ʂ˘˰˨Ɵˆʦ Fig.3 ʂމ৥ห୊ਹˀ˰˝஖ఉ໚ɼஔɬ
঎଑ɼɫƇظޔɫɳٌїʦ Table 2 ɿߟɭƈʒɳƇֆʒɷ
ɳچยખʂ೾৔ച෣ࣘʂഇ೘ʦ Fig.5 ɿߟɭƈֆʕʟѽʃƇ
TE ఉɾʝʇɿ TM ఉɿ਻Ыɭʟ γp = 5.70243 − j0.03545Ƈ
γp = 5.40284− j0.33514 ʂ 2ɸɻɖʟ (4, 9)ƈɧʂֆʕʟ 2ɸ
ʂѽʃƇɘɮʠʂЌɻʖ।ɫɣֆʕʝʠɺɞʞƇЌȞɼЌȟ
(Ns = 64)ʂ [T (λˆlp)]ʂِࣥॅʃ 1013 Ιࣘɼࡒഇ੒ɡɣɾɷ
ɺɘʟƈɱʂ਩ʂѽƇɭɾʣɵЌ 7ɻʂ 5ڃƇЌ 8ɼЌ 9ɻ
ʂ 6ڃʂѽʃƇFig.5ɟʝખɠΪɾɷɺɘʟɧɼɠʣɟʞƇʒ
ɳ λˆlpɿ਻Ыɭʟِࣥॅʖ 104 ଟ୞ɼ੒ɡɣʃɾɣƇSS൚ɿ
ศ๝ɭʟʖʂɼ۪ɜʝʠʟƈ
Ιࣘʂ 2ຶɟʝƇMƇδʂ঎଑ɿʜɷɺK ɠऐʂچยખॅ
ʜʞ੒ɡɣɾɷɳࣟ܄ɻʖƇЌʂౝأʦ੒ɡɣɫɳມηɼֆ
ѽມηɻֆʒʟѽʂΫஓʦ૛ʍʟɧɼɻƇΫஓɫɾɘഅ๲ଯ
ѽɼ SS൚ʂ଱ๆɿʜʞܩ௡ɭʟΫஓɭʟѽʂ౜ധɠя௾ɻ
ɖʟɼ۪ɜʝʠʟƈ
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Fig. 5 Distribution of computed eigenvalues of metallic
grating on a dielectric slab waveguide in case of
M = 8 and δ = 10−11
6. ୆ౡ଑ॅʂ࠴ਖड़
5.1ঐɻ۪ɜɳމ৥ห୊ਹˀ˰˝஖ఉ໚ʦ۪ɜʟƈɧɧɿ
஖ఉ໚ۚਏɾʝʇɿˏ˳˜ˋ์৔ʂঋਞְҏʂഇӍʦஔโɼ
ɭʟƈѽɿ੒ɡɾϳׄʦิɜʟʂʃפߐ Hankel۱ໆʂ์৔
ખɼ۪ɜʝʠʟʂɻƇঀഇ໚ʂЌʂآࣨƭౝأ ρpɼયअΛ
ટ opƮɼॅખঀഇವඕ୅ॅ Ns ʂϳׄʦ૛ʍʟƈޝʞʂ SS
൚ʂ˘˰˨Ɵˆʃव଑چยખॅM ɼچยખॅʦ౜଑ɭʟ˘
˰˨Ɵˆ δ ɻɖʟƈδ ʂખʃƇפߐ Hankel۱ໆʂߘॅK ɿ
ԟؙɭʟɳʕƇভآچยખ෻੕ʂֆѽ३୞ɿϳׄʦิɜʟ.
Fig.6ʃƇֆʕɳ೾৔୆ౡ଑ॅ γˆpʂ৷਻ڬܴ
∣∣∣ γˆpγap − 1
∣∣∣ʂ
opɾʝʇɿK Μਣड़ʦ૛ʍɳʖʂɻɖʟƈɧɧɿ ρp = 0.4
ɼɫɳƈʒɳ γap ʃƇѽॾଯɿֆʕɳٶවѽɻɖʟƈTE0
˩ƟːʂK = 1ʂࣟ܄ɿʃƇವඕ୅ॅɠ 60Ιчɼࢢɾɘࣟ
܄ɿѽʂ३୞ʂЌʂયअΛટ opΜਣड़ʃ੒ɡɘɠƇ਩൘ஔ
ɬ TE0 ˩Ɵːʂ K = 2 ʂࣟ܄ɼ TM0 ˩Ɵːʂ K = 8 ʂ
ࣟ܄ɻʂયअΛટ opΜਣड़ʃࢡɩɘƈɧʠʃƇK = 1ɼɭ
ʟɳʕɿ঎଑ɭʟ δ ɠ 10−5 ଟ୞ɼɾɷɺɞʞƇ˖˺ʸ˲۱
ໆʂভآچยખ෻੕ʂߘٴॅʦ೑଱উɿࢡɩɣટɡԀɜɳ
ɳʕɼ۪ɜʝʠʟƈɧʠʃƇTM0 ˩Ɵːʂࣟ܄ʂK = 4ʂ
ࣟ܄ɿʖՔɡɺɞʞƇɧʂࣟ܄ɿʃЌʂΛટ opɿʜʞ࠴ਖ
ખɠΪɾɷɺɘʟƈɧʂٌїʃƇഅ๲ଯɾѽʂڃॅmʦ K
ɿ঎଑ɭʟʜʞʖƇࢡɩɾખ δ ɟʝ K ʦى଑ɫɺভآچย
ખ෻੕ʦѽɡƇSS൚ɿʜʞܩ௡ɭʟѽʦ࢑֓ɭʟ൘ɠѽʂ
३୞ʂ୅ɟʝʃ൷ʒɫɘɧɼʦߟܱɫɺɘʟƈTE0 ˩Ɵː
ʂ K = 2, 4, 8ƇTM0 ˩Ɵːʂ K = 8, 12 ʂࣟ܄ɿƇವඕ୅
ॅ Ns ɠ 20 ଟ୞ʂࢡɩɘɼɧʡɻ೑Ց਒ɾइஓɠʓʝʠʟ
ɠƇNs ɠ 30ଟ୞ɼ੒ɡɣɾʟɼƇɽɵʝʂ˩Ɵːʂ୆ౡ଑
ॅʖλ଑ખɿ࠴ਖɫɺɘʟɧɼɠʣɟʟƈѽɠλ଑ખɼɾʞ
ٶවѽɿפ೒ɟɾɘʂʃƇˏ˳˜ˋ์৔ʂঋਞְҏʂഇӍॅ
D = 32ɼ׸ԝۿ૛ఉଽҔʂਲɵউʞߘॅMc = 32ʦλ଑ખ
ɼɫɺɘʟɳʕɻɖʟƈ
ߘɿƇɧʂމ৥ห୊ਹˀ˰˝஖ఉ໚ʂ HTFEM ѽॾɻˏ
˳˜ˋ์৔ʂঋਞְҏʂഇӍॅ D ɾʝʇɿ׸ԝۿ૛ఉଽҔ
ʂਲɵউʞߘॅMc ʦബɜƇֆʒʟ୆ౡ଑ॅʂ৷਻ڬܴʂˏ
˳˜ˋ์৔ʂঋਞְҏʂഇӍॅΜਣड़ʦ૛ʍʟƈSS൚ʂ˘
Table 1 Eigenvalues λˆlp and condition number C([T (λˆlp)]) in eq.(3) of a three layer dielectric slab
waveguide
(a) TM0 mode
Circle1(op=4.4, ρp=0.3) Circle2(op=4.4, ρp=0.4) Circle3(op=4.15+j0.1, ρp=0.3)
Ns=32 Ns=64 Ns=32 Ns=32
l λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp])
1 4.33021+j0.00000 2.667×109 4.33021+j0.00000 8.875×107 4.33021+j0.00000 2.268×107 4.33021+j0.00000 4.052×106
2 3.97835−j0.00039 2.898×104 3.97827+j0.00000 1.546×107 3.97828+j0.00000 6.741×106 3.97827−j0.00000 5.224×107
3 4.16801+j0.19025 1.543×102 4.13004+j0.30175 1.546×102 4.01621+j0.33791 1.548×102 4.15758+j0.43815 1.558×102
4 4.13399+j0.15044 1.542×102 4.13366+j0.27615 1.545×102 4.14498+j0.31048 1.547×102 4.15599+j0.38222 1.552×102
5 4.02895+j0.16155 1.542×102 4.14358+j0.21831 1.544×102 4.12204+j0.26928 1.545×102 4.16300+j0.31156 1.547×102
6 4.14690+j0.10923 1.542×102 4.15754+j0.14733 1.542×102 4.14046+j0.18374 1.543×102 4.17194+j0.21571 1.544×102
7 4.16534+j0.05466 1.542×102 4.17189+j0.07512 1.542×102 4.16208+j0.09478 1.542×102 4.18146+j0.11287 1.542×102
8 4.17810+j0.01533 1.542×102 4.18023+j0.02057 1.542×102 4.17799+j0.02596 1.542×102 4.18392+j0.03023 1.542×102
(b) TE0 mode
Circle4(op=6.0, ρp=0.3) Circle5(op=6.0, ρp=0.4) Circle6(op=5.9, ρp=0.3)
Ns=32 Ns=64 Ns=32 Ns=32
l λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp])
1 6.07576+j0.00000 1.102×1013 6.07576+j0.00000 1.088×1014 6.07576+j0.00000 1.465×1012 6.07576+j0.00000 1.940×1013
2 6.49059+j0.00002 1.218×106 6.49059−j0.00000 6.472×107 6.49059−j0.00000 1.136×1011 6.48742−j0.00069 6.252×103
3 6.36066+j0.00031 1.834×102 5.64518+j0.01443 1.545×102 5.44460+j0.01599 4.272×102 6.41385−j0.29928 1.550×102
4 5.80848+j0.02111 1.600×102 - - 6.13452−j0.11240 2.153×102 - -
5 4.79873−j0.00660 1.544×102 - - - - - -
Table 2 Eigenvalues λˆlp and condition number C([T (λˆlp)]) in eq.(3) of metallic grating on a di-
electric slab waveguide
Circle7(op=5.5−j0.1,ρp=0.3) Circle8(op=5.5−j0.1,ρp=0.4) Circle9(op=5.5−j0.2,ρp=0.3)
Ns=32 Ns=64 Ns=32 Ns=32
l λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp]) λˆlp C(T [λˆlp])
1 5.40284−j0.33514 1.993×1016 5.40284−j0.33514 7.196×1016 5.40284−j0.33514 1.990×1016 5.40284−j0.33514 8.800×1016
2 5.70243−j0.03545 5.539×1014 5.70243−j0.03545 8.000×1013 5.70243−j0.03545 2.238×1014 5.70243−j0.03545 5.018×1014
3 5.34973−j0.30079 3.093×104 5.10266−j0.00893 1.366×104 5.34785−j0.44106 1.629×104 5.42371−j0.31973 7.477×104
4 5.53415−j0.32942 1.469×104 5.37354+j0.22353 1.366×104 5.09843−j0.00086 1.366×104 5.44507−j0.08417 1.366×104
5 5.12355−j0.05814 1.366×104 5.67347−j0.05446 1.366×104 6.97366−j0.16473 1.366×104 5.24100−j0.05698 1.366×104
6 5.77381+j0.09689 1.366×104 5.00209−j0.48473 1.366×104 5.68743+j0.06103 1.366×104 5.96372+j0.86781 1.366×104
7 3.60659−j0.16208 1.366×104 5.88296+j0.00694 1.366×104 4.10983+j0.07105 1.366×104 4.65607−j0.09855 1.366×104
8 - - 5.52906−j0.48525 1.366×104 7.05048+j0.97921 1.366×104 5.82036−j0.49987 1.366×104
˰˨Ɵˆʦ ρp = 0.4ƇM = 8ɼ঎଑ɫɺƇ೾৔୆ౡ଑ॅ γˆp
ʂ৷਻ڬܴ
∣∣∣ γˆpγap − 1
∣∣∣ʦ૛ʍɳʖʂʦ Fig.7ɿߟɭƈFig.7(a)
ɿߟɭ TE0 ˩ƟːɻʃƇঀഇ໚ʂЌʂયअʦ op = 6.0Ƈδʃ
K = 1, 8ɼɾʟʜɚɿɫɺɞʞƇFig.7(b)ɿߟɭTM0˩Ɵː
ɻʃ op = 4.4Ƈδ ʃ K = 8, 12ɼɾʟʜɚɿ঎଑ɫɳƈFig.6
ɿߟɫɳ࠴ਖɫɺɘɾɘѽɿ୻ɳʟ೑଱উɾ K ɼNsʂ৕ɿ
਻Ыɭʟ TE0 ˩Ɵːʂ K = 1, Ns = 32ʂࣟ܄ɼ TM0 ˩Ɵ
ːʂ K = 8, Ns = 16 ʂࣟ܄ɿʃƇˏ˳˜ˋ์৔ʂঋਞְҏ
ʂഇӍॅ D ɖʟɘʃ׸ԝۿ૛ఉଽҔʂਲɵউʞߘॅMc ʦ
ਊʘɫɺʖयߟɫɳ౮ΞɟʝʃƇѽʃٶවѽɿ࠴ਖɫɾɘɼ
۪ɜʝʠʟƈ਩൘ƇFig.6 ʂ࠴ਖખʦิɜʟ଱উɾK ɼ Ns
ʂ৕ɻʃƇTE0 ˩ƟːƇTM0 ˩ƟːɼʖɿMc ɠ D ɼஔɬ
ࣟ܄ɿڬܴɠ݂ʖࢢɾɣƇɘɮʠʂMc ɻʖDɠ੒ɡɣɾʟ
ɼڬܴɠٹࢢɫɺɘʟƈMc = Dʂࣟ܄ʂڬܴʃƇɧʂयߟ
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Fig. 6 Dependence of relative error of the propagation con-
stant γp on number of preparation points Ns for
ρp = 0.4
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